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Abstract
This paper studies the horizontal vibration of a rigid disc on a poroelastic soil layer in contact with a fluid half-space using the
poroelastic theory of potentials. The solution of this problem is expressed in terms of dual integral equations, and then converted
into Fredholm integral equations of the second kind and solved numerically. Selected numerical results for the horizontal dynamic
impedance coefficients are given. The results of this study are helpful for designing an underwater foundation on a soil stratum
due to dynamic horizontal forces.
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1. Introduction
With the fast increasing need of energy, the design of deep-sea foundations for the wind turbines and petroleum
industries becomes more and more important. However, traditional dynamic foundation vibration therory doesn’t
take the existed seawater half-space into consideration, which is not very appropriate to the design of deep-sea
foundations. Recently, He et al. (2012), and He and Wang (2013) studied the verical and horizontal vibrations of an
underwater foundation considering the effect of the overlying seawater, respectively. The seabed in the above
mentioned studies is treated as a half-space, however, there are many cases that a rigid rock base appears at a
relatively shallow depth. In such cases, the dynamic responses can be substantially different from the response of the
foundation on a uniform half-space (Gazetas, 1983). This paper studies the problem of the horizontal vibration of a
rigid disc on a finite poro-elastic soil stratum in contact with a rigid rock half-space and a fluid half-space (Fig.1).
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Fig. 1. horizontal vibration of an underwater foundation
Compared to the traditional foundation vibration problem, the largest difference is the original vacuum-soil
interface becomes the new water-soil interface, where Scholte wave always exists (Zhu et al., 2004), which may play
a very important part on the dynamic response of the foundation. To solve the problem, the boundary conditions at
the new water-soil interface and the boundary conditions at the soil- rough impervious rigid rock interface are
satisfied rigorously. The solution is expressed in terms of dual integral equations that are converted into a Fredholm
integral equation of the second kind and are solved numerically. Selected numerical results for the horizontal
dynamic impedance coefficient are examined based on different soil permeabilities, soil stratum depths and
frequencies of excitation; moreover, the results are analyzed for two different cases, namely, with or without seawater
overlying the poroelastic seabed to demonstrate the effect of seawater.
2. The fundamental equations
For the problem under consideration, the saturated porous seabed is modeled as a Biot’s poroelastic medium [5],
while the seawater is described by the equations of motion of the fluid.
2.1. Governing equations for seabed
The conventional suffix notation will be used, whereby repeated suffixes indicate summation over the values
1, 2, 3, and subscripts following a comma denote differentiation with respect to the Cartesian coordinates
corresponding to the indicated subscripts. Considering time harmonic motion with angular frequency  and
omitting the term from all quantities below for simplicity, the Biot’s harmonic equations of motion become
(Biot, 1956)
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represents the resistive damping due to relative motion between solid and fluid, η is the fluid viscosity and κ is
Darcy’s coefficient of permeability, p is the scaled pore pressure. The mass coefficients mnρ are related to the solid
and fluid densities sρ and fρ (Biot, 1956). sλ and sμ are the Lame constants of the solid, φ is the porosity of
the porous medium. The coupling between the solid and the fluid is characterized by the two parameters Q and R,
which can be calculated from the bulk modulus of the solid and the fluid. siu and
f
iu are the average displacements
of the solid and fluid. ijσ  sijσ and ijf δσ are the stress of the bulk porous medium, the solid and the fluid part,
respectively, fp is the excess pore pressure.
The solution of (1) can be written as in terms of potentials fϕ , sϕ and iψ ( 3,2,1i ), corresponding to the fast
and slow compressional waves, respectively, and iψ denotes the vector potential corresponding to the shear wave.
The potentials fϕ , sϕ and iψ satisfy the following Helmholtz equations (Zimmerman and Stern, 1993)
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2.2. Governing equations for seawater
Since the motions involved are small, the basic equations to describe the motion of the fluid may have the form
(He and Wang, 2013)
022  www pkp , 2ωρwww pu , (6)
where when time harmonic motion is considered, wp and wu are the amplitude of the excess pressure and
displacement of the fluid, respectively. ww vk /ω is the wave number of  the fluid. 1/2ww )( ρλwv is the
compressional velocity of the fluid, wλ is the compressional modulus of the fluid, wρ and ω are the density of
the fluid and the angular frequency of the force, respectively.
3. Horizontal vibration of a rigid disc in the seabed
We will consider the problem of a rigid, massless disc that is on the seabed soil layer, covered by seawater, and
vibrating horizontally and time-harmonically (Fig. 1). Both the disc and the surface of the seabed are permeable. In
this problem, the radius of the circular contact area a is taken as the reference length RL  and the continuity boundary
conditions at z = 0 are
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for and , and the discontiniuity boundary conditions at z = 0 are
 θθ cos0),,( 0uru sr  ,  θθθ sin0),,( 0urus  , 10  r , π20  θ , (8)
00),,( θσ rrz , 00),,( θσθ rz , 1	r , π20  θ ,
for the permeable disc, where aUu 00  and 0U is  the horizontal displacement of the rigid disc, and the boundary
conditions at the base of the soil layer z = c are
0),,( crusr θ , 0),,( crus θθ , 0),,( crusz θ , 0),,( cru fz θ . (9)
For the problem under consideration, the Helmholtz potentials for the seabed can be written as
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for cz 0 , where  rJ ξ1 are the Bessel function of the first kind of order 1.
The Helmholtz potential for the half-space seawater 0 z can be written as
 θξξξξ ϑ cosd)()e( 10
z
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the conditions that the displacements and their derivatives in the porous medium and the seawater vanished for
z and for r are used when we derive (10)-(11). Functions )(ξmA  ( m = 1 ~ 8), )(1 ξB are to be
determined from the boundary conditions at the plane passing through the disc and the interface of the two half-
spaces.
Substituting (10)- (11) into (1), we find that
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where  ξ0f and  ξ2f are functions of )(ξmA ., where  rJ ξ0   rJ ξ2 are the Bessel functions of the first kind
of order 0 and 2, respectively.
By substituting (10)-(11) into (1) and using the boundary conditions  (7)- (9), we obtain a set of nine linear
simultaneous algebraic equations, and we find
,(13)
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where  ξ0F  and  ξ2F are linear functions of  ξ0f and  ξ2f  , which can be obtained straightforwardly and
easily by solving the linear simultaneous equations using MATHMATICA:
         ξξξξξ 2120110 fMfMF  ,          ξξξξξ 2220212 fMfMF  , (14)
where  ξ11M ,  ξ12M ,  ξ21M and  ξ22M are the corresponding coefficients of  ξ0f and  ξ2f , in functions
 ξ0F and  ξ2F respectively, and we find
   ξξ 2211 MM  ,    ξξ 2112 MM  , (15)
and their expressions will not be given here for simplicity.
With the help of Sonine’s integrals as in (Noble, 1963), the coupled problem can be changed to a pair of
Fredholm integral equations of the second kind:
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all expressions in (17) are convergent.
The force hF acting upon the rigid disc can be obtained by integrating the shear stress on the contact area
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Substituting (12) into (18), we find
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and  rf0 can be expressed as
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Substituting (20) into (19), we obtain
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during deriving (21), we have used the integrals (He and Wang, 2013)
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is dimensionless horizontal dynamic impedance coefficient for the disc in a saturated seabed, and νμ  280 aK Rh
is the horizontal static stiffness of a rigid circular disk on an ideal elastic half-space (Gazetas, 1983), and is the
Poisson’s ratio of the solid matrix.
The horizontal dynamic impedance coefficient can also be expressed as
hhh ckK ωi , (25)
where hk and hc are named respectively stiffness and damping coefficients.
It’s almost impossible to solve (16) analytically because of the complexity of the function  ξ1M and  ξ2M .
We will solve it numerically by applying the trapezoidal rule to the finite integral below.
4. Numerical results
By solving  xlϕ in (16) numerically, we can obtain the dimensionless horizontal dynamic impedance
coefficient hK from the horizontal vibration of a permeable, massless disc.
A computer program using a globally adaptive numerical quadrature scheme with the Gauss-Kronrod rule has
been written to calculate the horizontal dynamic impedance coefficient hK . In this program, the radius of the disc
a, the shear modulus of the solid matrix sμ and the density of the bulk material ρ are used as the reference length
RL , reference shear modulus Rμ and reference density Rρ , respectively.
4.1. Comparison with the existing solutions
To validate this method and the computer program, we will compare the results obtained here with a rigid disc
in contact with the surface of an seabed half-space given by He and Wang (2013). The solution for a surface disc on
ν
903 Rui He and Chunyan Zhou /  Procedia Engineering  116 ( 2015 )  897 – 904 
an seabed half-space can be obtained by setting the seabed layer depth ac 03 . Figures 2 shows that our solution
corresponds well with those provided in He and Wang (2013), which validates Green’s function and the numerical
implementation.
Fig.2 Comparison with exited solution
4.2. Numerical results for hK
In the following section, 482.0φ  , 323.2R  , 352.2Q  , 437.1sρ  , and 53.0fρ are used for the
seabed. For the seawater, the dimensionless material parameters are assumed to be 53.0wρ and 10wv , while
53.0wρ and 2010wv when there is no seawater.
This section provides some numerical results for the horizontal dynamic impedance coefficients hK of the disc
as a function of the normalized resistive damping b and the non-dimensional frequency ω .
Figures 3 indicate that the existence of a water half-space only has a small effect on hk and hc for surface
discs.
Fig.3 The effect of water halfspace on the impedance of a disc on a soil layer.
Fig. 4 shows how hk and hc change with damping b and frequencies. Fig. 4 indicate that hk and hc become
more oscillated with frequency for increasing resistive damping b, and both hk and hc increase with increasing b.
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Fig.4 the effect of resistive damping b on the impedance of a disc on a soil layer.
5. Conclusions
The dynamic impedance function of a fluid-saturated poroelastic soil layer (seabed) in contact with a fluid half-
space (seawater) due to the horizontal vibration of a buried disc is presented here. From the numerical results, the
following conclusions can be drawn:
1) the effect of seawater on hk and hc can be ignored;
2) hk and hc show increased oscillation with frequency for increasing resistive damping b, and both hk and
hc increase with increasing b;
3) for surface discs on a deep soil layer, hk and hc are almost independent of frequency and can be
considered constant.
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